General methods based on inverse kinematics are presented to develop singularity-free compatible workspaces for three degrees-of-freedom parallel manipulators. The characteristics of boundary surfaces are investigated. A workspace boundary surface consists of six or more patches generated by different sets of constraint equations. Each set includes one equation from boundary constraints and several equations from inverse kinematic constraints. The equations for all the patches can be determined by solving direct kinematics once and three times, respectively, for symmetrical and non-symmetrical manipulators. The methods are applicable to existing 3-limb special manipulators with simple inverse kinematics and general 3-limb manipulators without any spherical joints. The effect of passive joint limits, link interactions and singularity are considered in the proposed methods.
Introduction
Workspace is one of the most important criteria in the design of parallel manipulators. The reachable workspace is a set of points that can be reached by the tool center point (TCP) on the moving platform. A point is in the workspace if the point can be approached by at least one orientation of the platform. Discretization methods are commonly used to develop the workspace for 6-DOF manipulators. The methods are easy to implement, and they are applicable to different types of parallel manipulators [1] - [3] . However, searching for the exact boundary of the workspace using a discretization method is a very time-consuming task, and the obtained result may be a theoretical workspace, as some of its subspaces might not be reachable through a continuous motion starting from the initial assembly configuration. The exact workspace boundary can be developed using analytical methods, but the process is extremely complicated because the boundary is not a smooth surface. It has been shown the workspace boundary of a 6-DOF parallel manipulator consists of several patches generated by different sets of four constraint equations and efficient methods have been proposed to determine the exact equations for each boundary patch [4] . The existing methods, however, are not applicable to 3-DOF parallel manipulators. This work employs inverse kinematics to develop compatible workspaces (defined as the set of all attainable positions that can be reached through a continuous motion, beginning from the initial assembly configuration) for different types of 3-DOF spatial parallel manipulators. The proposed method continuously develops the exact boundary of a compatible workspace. The effects of actuator joint limits, passive joint limits link interactions and singularity are considered in the development process.
Six parameters are required to specify the position and orientation of the platform, so two dimensional boundary patches should be generated by different sets of four boundary constraints [4] . In theory, a boundary patch of a 3-DOF manipulator can be generated by one boundary constraint. Since inverse kinematic solutions cannot be obtained by giving arbitrary six parameters for the position and orientation of the platform, additional kinematic constraints on the parameters are needed so inverse kinematic solutions can be developed if the constraints are satisfied. This work shows three kinematic constraints can be developed for most spatial 3-DOF parallel manipulators with each limb connected to the platform via a spherical joint. Therefore, different boundary patches that can be developed using six variables and four constraint equations: one boundary constraint and three kinematic constraints. For general manipulators or manipulators without any spherical joints, some equations contain additional joint variables so more kinematic constraints are needed to develop a workspace.
This paper first presents constraint equations for developing workspaces for different types of manipulators. Given actuator joint ranges, the proposed methods can develop different types of boundary patches generated by actuator joint limits, passive joint limits, inverse kinematic singularity and link interactions.
A manipulator can switch into a different branch of inverse kinematic solutions at inverse kinematic singular configurations and might not change back to the original branch of solutions [5] , [6] . The manipulator cannot balance external wrenches acting on the platform at direct kinematic singular configurations, and link interactions should not occur for any types of manipulator. Therefore, a practical design should have a singularity-free and link-interaction-free workspace. It does not take much time to search for a singularity-free and link-interaction-free joint space. The desired workspace can be developed from the joint space. How to choose proper passive joint ranges is also studied. The results show most boundary surfaces consist of six patches generated by the six actuator joint limits, and it usually takes less than five seconds to develop a workspace when the joint space is given.
Boundary Constraints
This section develops boundary constraint equations needed to develop the boundary of a workspace. The equations for a general RRS limb and a general UPU limb are developed for illustration. The equations related to other types of limbs with one spherical joint or without any spherical joints can be obtained using similar approaches. Fig. 1 shows two 3-limb 3-DOF parallel manipulators with related coordinate frames, where F0, Fp and Fi1 are, respectively, the fixed reference frame, the moving coordinate frame on the platform and the fixed coordinate frame on the base for limb i. For the 3-UPU manipulator in Fig. 1(b) , an additional frame Fi2 is attached on the platform for limb i. Let B TA denote the homogeneous matrix that transforms coordinates from frame A to frame B, and the coordinates or position vector of a point S related to F0, Fp, Fi1 and Fi2 be denoted as s, s', i1 s and i2 s respectively. Then the position vector of Si in Fig. 1(a) related to F0 and Fp can be determined by (6) and (7) can be expressed as E 1 1 + G 1 = 0 and E 2 2 + G 2 = 0 respectively. Related boundary constraints can be developed by substituting prismatic joint limits into the equations. For the 3-UPU manipulator in Fig. 1(b) , the six constraint equations from the actuator joint limits, di3max and di3min, can be developed by substituting 3max = 3 or 3min = 3 into following equation:
The fourth column of matrix gives with coordinates as functions of the six parameters. The coordinates of can be expressed as functions of the link parameters:
The boundary constraint for the passive joint limits of 1 and 2 can be obtained using the same method in developing (6) and (7) . The equations are similar to (6) and (7) except the six coefficients contain di3. The constraints in the six parameters can be obtained by substituting
where is a constant vector and is a constant matrix. The coordinates of are functions of the six parameters. If inverse kinematic solutions exist for a given set of the six parameters (or the six parameters satisfy the inverse kinematic constraints presented in the following section), similar boundary constraints in 4 and 5 for the U-joint at Qi can be developed using the same approach for the U-joint at Oi. Substituting the joint limits into related equations gives a total of 24 boundary constraint equations from the passive joint limits. 
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Kinematic Constraints and Singularity-Free Joint Space
Inverse kinematic solutions cannot be developed for 3-DOF manipulators unless some kinematic constraints on the six parameters are satisfied. For manipulators with three spherical joints on the platform, the solutions exist if point Si on the surface generated by the i th limb for i = 1, 2, 3. The surface generated by point Si on the i th limb of a 3-RRS manipulator can be developed from (5) and (7) . First, express 2 in (5) as a function of zi and the link parameters in the equation. Next, substitute the function into (7) so 2 can also be expressed as a function of , E 2 , G 2 , H 2 and the link parameters. The equation for the surface can be obtained using ( 2 ) 2 + ( 2 ) 2 = 1. The equations in local coordinates (related to local coordinate frame Fi1) for the surfaces of the general RRS, RPS, PRS and PPS limbs are given in Table 1 . For a 3-limb parallel manipulator, three kinematic constraints can be developed using (2) to express xi, yi, zi as functions of the six parameters. Loop equations can be used as the kinematic constraint equations, but the equations involve too many joint variables, so more equations are needed to develop a workspace. For the five axes of the i th limb of a 3-UPU manipulator shown in Fig. 4 , the direction of the second axis, ̂, is a function of the first joint displacement, 1 , and the direction of the fourth axis, ̂, is a function of the fifth joint displacement, 5 , and the six parameters. Inverse kinematic solutions of a 3-UPU manipulator exist if the following three kinematic constraints are satisfied: 
where ci1, ci2, ci3 are constants, and unit vector ̂≡ Inverse kinematic singularity can generate some boundary patches. Inverse kinematic singularity occurs when the determinant of the Jacobian matrix, det(J), of one limb is zero. Since the determinant of a 2-DOF serial chain is independent of the first joint displacement, a few second joint displacements for singularity can be determined from the equation det(J) = 0 for manipulators with three spherical joints. In theory, related equations for boundary constraints can be obtained by substituting the displacements into (7), but this work uses the displacements to search for a singularity-free joint space. For example, if limb i of a 3-RRS manipulator reaches an inverse kinematic singular configuration at θ i2 = θ iA or θ i2 = θ iB with θ iB > θ iA , then a (inverse kinematic) singularity-free joint space for limb i can be obtained by letting θ iA < θ i2 < θ iB for i = 1, 2, 3.
There exists a screw that is reciprocal to all the screws of limb i if the limb is not at an inverse kinematic singular configuration. A manipulator reaches a direct singular configuration if the three reciprocal screws from the three limbs are dependent. Let $ir be the unit reciprocal screw for limb i and H denote the 6 × 3 matrix with $ir (for i = 1, 2, 3) as the column vectors. Then the closeness to direct kinematic singularity can be evaluated by
This work uses a discretization method to search for a singularity-free joint space. The proposed method also determines the maximum and minimum joint displacements of each passive joint and checks if link interactions occur in the grid-scanning process. For manipulators with three spherical joints, the direct kinematic equations are given below:
where constants l1, l2 and l3 defined in Fig. 1(a) are the side lengths of the platform and s1, s2 and s3 are the functions of joint variables that can be developed using (3)-(5). In the search process, smaller initial ranges of θi1 for i = 1, 2, 3 are first given. Then, direct kinematics and the scanning method are employed for computing passive joint displacements (and saving maximum and minimum displacements), evaluating the closeness to singularity and checking link interactions. Link interactions are detected using existing equations [7] . If all the grids are free of singularity and link interactions, then increase the size of the joint
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space, scan the extra grids and update the maximum and minimum passive joint displacements. Repeat the process until real kinematic solutions cannot be obtained, the manipulator reaches singular configurations or link interactions occur for some grids. For 3-UPU manipulators, it needs to solve 12 loop equations for direct kinematic solutions and uses the determinant of the Jacobian matrix of each limb to evaluate the closeness to inverse kinematic singularity. If passive joint limits are chosen in a way that the joint ranges include the obtained maximum and minimum passive joint displacements (determined in the grid-scanning process), then the passive joint limits cannot be reached so actuator joint limits will generate all the singularity-free and link-interaction-free boundary patches.
Boundary Surfaces and Algorithms
This section presents methods to determine the equations for each boundary patch, studies the characteristics of the boundary surfaces and then proposes a general algorithm to develop compatible workspaces for different types of 3-DOF parallel manipulators. Fig. 5(a) shows the top view of three neighboring boundary patches around the extreme point where the three actuator joints are at their upper joint limits. The number i on the patch indicates the patch is generated by the i th actuated joint at its upper joint limit. A bifurcation curve is the intersection of two neighboring patches so the union of the numbers of the two neighboring patches gives the two boundary constraints for the curve. On the other hand, the intersection number of two neighboring bifurcation curves determines the boundary constraint that generates the boundary patch in between. The workspace boundary in this work is represented by boundary curves on consecutive cross-sections through extreme point EU= (1, 2, 3) with the numbers in the parenthesis indicating the actuators on limbs 1, 2 and 3 are at their upper limits. The boundary curve on a cross-section of a workspace consists of two or more segments, as shown in Fig. 5(b) where number j' denotes the j th actuated joint is at its lower joint limit. The boundary constraints for the first boundary segments starting from point EU of the boundary curves on all the cross-sections of a workspace can be predicted by solving the direct kinematics at three specified points in the joint space. Let max and min respectively denote the upper joint limit and the lower joint limit of the i th actuated joint. Then the angle ϕi for the tangent vector of the i th bifurcation curve can be determined by the x and y coordinates of point EU and the next point on the curve obtained by solving the direct kinematics with ρi = ρimax − δ and the other two limbs at their upper joint limits. The intersection of two sets of numbers from two neighboring bifurcation curves (2, 3) related to ϕ1 and (3, 1) related to ϕ2 determines 3max generates the region from ϕ1 to ϕ2. Likewise, 1max and 2max generate the regions from ϕ2 to ϕ3 and ϕ3 to ϕ1, respectively. For a symmetrical manipulator, ϕ2= ϕ1+120° and ϕ3= ϕ1+240°. The angle ϕ that defines a cross-section is used to determine the boundary constraint for developing the first boundary segment. The boundary curve on the cross-section can be developed using the following equation that transforms the coordinates, (x, y, z), of the TCP on the moving platform into cylindrical coordinates, r, ϕ and t:
With angle ϕ that defines the cross-section given, the boundary curve on the cross-section can be developed by changing r and solving for t (and the remaining variables). The boundary constraint for the first segment is used to develop the curve until another constraint j exceeds its joint limits (at the point just passes a bifurcation point). Then use the new constraint to develop the next segment and repeat the process until the path reaches the extreme point EL= (1', 2', 3') with the three actuators at their lower joint limits. If the solutions cannot be obtained in the forward direction, then develop the path in the backward direction.
For a nonsymmetrical manipulator, the extreme point EL is not on the z-axis of the reference frame. It can solve for EL and then define a new coordinate frame with the straight line through the two extreme points as the new z-axis so a boundary curve can be developed from one extreme point to the other extreme point. The boundary and kinematic constraints can be transformed into equations with r, ϕ and t using the following steps: (i) expressing the coordinates of the TCP with respect to the new coordinate frame as functions of r, ϕ and t (using (23)); (ii) using the constant transformation matrix that transforms the coordinates from the new frame to F0 to express coordinates x, y and z as functions of r, ϕ and t; and (iii) substituting x, y and z into related constraint equations. If there is no joint variable in the boundary and kinematic constraints, then a boundary patch can be generated by four equations (one from the boundary constraint and three from the kinematic constraints) in the six parameters. The boundary constraint from the spherical joint limit of limb i of a general 3-RRS manipulator has an additional joint variable θi1, so one more kinematic constraint with θi1 (such as (6) ) is needed to develop the patch for the joint limit. For a 3-UPU manipulator, it needs to solve ten equations (one from the boundary constraints and nine from the kinematic constraints) in twelve variables to develop a boundary patch. The steps to develop the workspace of a 3-DOF parallel manipulator are summarized below: 1) Input the link parameters and define related coordinate frames. Search for a singularity-free and link-interaction-free joint space and determine the actuator joint limits ( max and min (for i = 1, 2, 3) and the passive joint limits. Step 5. In general, a boundary surface consists of six patches generated by the six actuator joint limits if the passive joint limits cannot be reached. Fig. 1(a) shows a typical boundary curve on a cross-section with one segment generated by an upper limit and the other by a lower limit. Since the lower limit j' always moves the TCP back to the lower extreme point EL, this work uses the lower limit j' to develop the curve in the opposite direction (instead of the forward direction) when the path reaches the bifurcation point (i, j'). Fig.  1(b) shows a special case of boundary curves. If the path is developed in the forward direction from point A, the solutions cannot be obtained for the next point with r = r +Δr. It needs to develop the next point B in the opposite direction (with r = r − Δr). To avoid getting point A instead of point B, the proposed method lets t = t − Δt (or t = t + Δt if the curve is moving upward) and solves for r to develop point B. Then let Δr = −Δr and develop the curve in the opposite direction.
(a) A boundary curve (b) A special boundary curve Fig. 1 . Boundary curves on a cross-section.
Numerical Examples
The workspaces for three different types of manipulators are studied in this section. Singularity-free and link-interaction-free joint spaces are first determined and then used to develop corresponding workspaces. The time required for developing a joint space and the related workspace using different types of constraints and different numbers of equations is evaluated and compared.
3-RPS Manipulator 5.1.
For the symmetrical 3-RPS manipulator shown in Fig. 1(a) and 240°. Frames F21 and F31 are defined using the same method. All the links are represented by cylinders with a diameter of 3cm. A RPS limb reaches its singular configuration at d2 = 0. Since the measure in (19) is not invariant to physical units, this work first evaluates the measure at ten disjointed points to obtain the average value μave and let ε = 0.05μave to detect direct kinematic singularity. The search for the joint space starts from di2 = 40 for i = 1, 2, 3 and exits the search process if the value of μ at a grid is less than ε or link interactions occur. Based on the obtained data, the actuator joint ranges 35 ≤ di2 ≤ 50 for i = 1, 2, 3 are used
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to develop the workspace. Next, the passive joint ranges are chosen to be 120° ≤ θ i1 ≤ 160° and 0° ≤ σ i ≤ 30° (for i = 1, 2, 3) because the maximum and minimum passive revolute joint displacements and the maximum spherical joint displacement are about 151°, 124° and 15°, respectively. In this case, passive joint limits cannot generate any boundary patches. Solving direct kinematics at points with d12 = d22 = d32 = 50 and d22 = d32= 50, d12 = 49.8 gives extreme point EU = (0, 0, 56.1) and the coordinates of its neighboring bifurcation point (0.89, 0.08, 71.04), so ϕ1 ≈ atan2(0.08/0.09) = 5.6011° and the boundary constraint developed by substituting d32 = 50 into equation E32d32 + G32 = 0 (defined in Section 2) will generate the first segments for the cross-sections from ϕ1 to ϕ1+120°. The kinematic constraints equations can be developed directly from the general equations in Table  1 . For this special design, point Si must be on the X-Y pane of frame Fi1, so its z coordinate related to Fi1, i1 Siz , should be zero for i = 1, 2, 3. The condition gives three kinematic constraint equations
for the inverse kinematics of the 3-RPS parallel manipulator. The boundary surface can be developed by solving four constraint equations in the six parameters that define the position and orientation of the platform.
The workspace given in Fig. 7 is developed from ϕ = 10° to ϕ = 120° with a step of Δϕ = 5°. The workspace boundary consists of six patches generated by the six actuator joint limits. If the workspace is developed from the cross-section at ϕ = 5.6011°, the first segment might coincide (or partially coincident) with the bifurcation curve from extreme point EU to the extreme point with (1', 2, 3) , or the bifurcation curve might intersect the cross-section at one or more points. The development process is more complicated in this case, so the first cross-section starts from ϕ = 10°. 
Since the cross-sections stay away from the bifurcation curves from EU to its three neighboring extreme points, those curves (including the curves from EL to its three neighboring extreme points) cannot be developed using the proposed algorithm. The curves in Fig. 7(a) and Fig. 7(b) are developed using direct kinematics by fixing two joints in limited positions and moving one joint from one limit to the other limit. The workspace is redeveloped using new spherical joint ranges: 0° ≤ ζ i ≤ 10° for i = 1, 2, 3. In this case, the three spherical joint limits can generate boundary patches, as shown in Fig. 8 , where SPi indicates the patch is generated by the spherical joint limit of limb i. 
The related frames on limbs 2 and 3 are determined by rotating the frames about the respective z-axis by 120° and 240°. The search process for the desired joint space gives 30 ≤ di3 ≤ 41 for the actuators, and25° ≤ θi1 ≤ 65°, 70° ≤ θi2 ≤ 100°, 70° ≤ θi4 ≤ 100° and 25° ≤ θi5 ≤ 65°for the passive joints. The workspace in Fig. 9 is developed using (16)- (18) 
Computation Time 5.3.
The numerical examples were programed with Matlab on Intel core 2 Quad CPU with 2.66 GHz. Table 2 gives the time needed for the related joint spaces and workspaces. The boundary curves on 24 and 72 cross-sections are developed for the workspace of symmetrical and nonsymmetrical manipulators, respectively. Link interactions rarely occur for 3-limb parallel manipulators, especially when a singularity-free is used to develop the workspace. No link interaction is detected in the search process for all the desired joint spaces. The time required without considering link interactions is given in the parenthesis. It takes much more time for the general 3-UPU manipulator because its direct kinematics involves solving twelve nonlinear equations. With the same joint space, it takes 11.74s to develop the workspace (in Fig. 8) 
Conclusion
This paper proposes general methods to develop singularity-free and link-interaction-free compatible reachable workspaces for different types of 3-DOF parallel manipulators and studies their characteristics. A workspace boundary usually consists of six patches generated by the six actuator joint limits, and there are two segments for most boundary curves on a cross-section. In general, it needs to solve four equations for a boundary patch of a manipulator with one spherical joint on each limb while the number of equations can significantly increase for a general manipulator without any spherical joints. The effect of passive joint limits, link interactions and singularity are considered in the development process. If necessary, the proposed methods can be employed to develop the related boundary patches for passive joint limits, link interactions or singularity. Link interactions can be neglected because they rarely occur if the workspace is developed from a singularity-free joint space. The equations to develop all the patches can be predicted by solving direct kinematics once and three times, respectively, for a symmetrical manipulator and a general manipulator. For a special 3-DOF parallel manipulator (such as a translational manipulator) with the position and orientation of the platform specified by three parameters, a boundary patch can be developed using one equation from a boundary constraint. No kinematic constraint is needed in the development process, unless the boundary constraint contains any joint variables.
